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We are going to provide a theoretical basis for choosing the fuzzy control procedures In order to choose 
procedure that transforms a fuzzy knowledge into a control we need, first, to choose a membership functi* 
for each of the fuzzy terms that the experts use, second, to choose operations of uncertainty values th 
corresponds to and and or , and third, when we obtain a membership function for control we me 
defuzzify it, that is, somehow generate a value of the control u that will be actually used. In the paper \ 
describe a general approach that will help to make all these choices: namely, we prove that under reasonal 
assumptions membership functions should be linear or fractionally linear, defuzzification must be described 1 
a centroid rule and describe all possible “and“ and “or“ operations. Thus we give a theoretical explanatio 
of the existing semi-heuristic choices and formulate the basis for the further research on optimal fuzzy contn 


1. BRIEF INTRODUCTION 

Why do we need mathematical foundations of fuzzy control? In order to design a fuzzy contn 
we must choose fuzzy variables, choose combination rules for uncertainty values and choose a defuzzificatic 
procedure. The efficiency of the resulting fuzzy control essentially depends on these choices. For example (s 
[KFLL91] for details) different choices of combination rules can lead to relaxation times that differ twofold far 
if we go for stability this is an essential increase). These choices are now made mainly on a semi- empiric 
basis: if a resulting system works, that’s fine. This approach is acceptable for camcorders or dishwasher 
even if something goes wrong with a picture for a moment or two, it is not a problem. However this lev 
of reliability is absolutely unacceptable for such serious applications as Space Shuttle, and that is* the ma 
reason why in spite of the brilliant results of computer simulations ([L88, LJB90], etc) fuzzy control techniqu. 
are not yet widely applied to space missions. So what we need is an analysis of different possible choices c 
every stage of choosing a fuzzy control, an analysis that must be done on the mathematical strictness lev 
and either explain what choices to make or at least severely restrict the set of possible choices, so that tl 
best methods could be then chosen by an exhaustive analysis of the few possible candidates. 

What are we planning to do? We’ll explain how reasonable demands on the choices of a membershi 
function, operations with certainty values and a defuzzification procedure lead to the natural reformulation < 
these choice problems m terms of transformation groups , a formalism that is extremely successful in moder 
physics. We 11 also show how the known results about transformation groups help to solve these choic 
problems, resulting in the choice of centroid as a defuzzification procedure, linear, fractionally linear an 
spline membership functions and a list of possible choices for k- and V-operations. 


2. WHY FUZZY CONTROL? HOW AND WHY IS IT DESIGNED NOW? 
Simplest example of a control system. To illustrate the idea of fuzzy control let’s consider somethin 
very simple, like a thermostat. Suppose that we want to keep a temperature T equal to some fixed value 71 
In other words, we want the difference x = T — To to be equal to 0. The way to control the temperature is t 
switch on the heater or the cooler, and to control the degree of cooling ana heating. In mathematical term 
heating increases the temperature and cooling decreases it, so what we control is a variable that determine 
the rate with which the temperature changes. In other words, this “degree of heating and cooling” is nothin 

else but a derivative t of temperature with respect to time. So the behavior of the thermostat is detennine. 
by the equation t = u, where u is the control we apply. What control u to apply in every moment of time 
depends on the current temperature. If it is higher than T 0l we must cool the room down, i.e., apply ti < ( 
if T < To, we must heat it, i.e., apply u > 0. So u in general depends on T: v = u(T). All these formulas ar 
easier to express in terms of x = T — Tq\ x = T, hence for x the dynamics is i = ti(x), where the value of th 
control variable depends on x. The remaining problem is: how to control? I.e., what u(x) to use? 
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What membership functions are actually used. Several different membership functions result for: 
this approach. The simplest ones correspond to the case, when we consider just three values x: one vah 
a, for which we are absolutely sure that this property is true, and two values a — A, a + A, for which v 
are absolutely sure that it is false; and then use linear interpolation in between. The resulting membershi 
function is described by the following expression: Ha{ x ) = 0ifi<a — A ori > a + A; Pa( x ) — 1 + (x - a)/. 
ifa-A<x<a and ha{ x ) = 1 - (x - a)/ A if a < x < a + A. Such functions are called triangular. 

In case we have several consequent words to describe the same quantity, like “small negative”, “negligible' 
“small positive”, etc., it means that every value of x must satisfy one of these properties. If we use ratios < 
experts or subjective probabilities to get the values of p, we come to the conclusion, that for every x the sum i 
the values of Ha{ x ) f° r all A must be equal to 1. Therefore, where the membership function corresponding t 
one property starts decreasing from 1 to 0 (in the interval [a, a+A]), the membership function that corTesponc 
to the next property must start increasing from 0 to 1. In view of that the value of A must be the same fc 
all the properties, and a are equal to 0 for negligible, A for “small positive”, 2A for the next property, etc. 

This is to some extent an oversimplification in comparison with what is actually used: “left A” and “right A 
can be different, and there must be infinite intervals corresponding to “very very big”(positive and negative 
With these corrections made, these simplest membership functions are efficiently used in fuzzy control [L88 
[LTTJ89], [LJB90]. More complicated functions are also used: e.g., fractionally linear functions are used t 
control trains [MYI87], splines are used, etc. 

Returning to rules. If we choose some membership functions, we’ll be able for every x and u to describ 
our degree of confidence in statements N(x), N(u), etc. In order to compute our degree of confidence in C(i 
we must figure out, how to apply k and V to these degrees of confidence. The degrees of confidence are 
generalization of truth values (true corresponds to 1, 'false to 0), so we must somehow extend k and V from tl 
two-valued set {0, 1} to the functions /& and / v , that are defined on the whole interval [0, 1]. Zadeh original! 
proposed to use /& = min and / v = max. Later other functions were proposed, including product for k an 
min(a + 6, 1) as / v (a,6) (these four functions axe most frequently used in fuzzy control). For our thermost: 
example we get the following expression for the membership function /xc( u ) : 

Ac(«) = f\/(ftc(HN( x ), ftt(PSp( x ), HSn(v)), fti.(HSN(, x ), Psp(u)), ...) 

In particular, if we use min and max, we get 

Ac(u) = max(min(/i N (x),/iAr(ti)),min(/i S p(*),/xsN(«)),nun(/is^(x),/i5p(ti)),...) 

So what control to use? a problem. What we get as a result is a "fuzzy” recommendation: we can us 
say u = 0.5 with degree of certainty 0.8, tx = 0.4 with degree of certainty 0.3, etc. In the real expert systen 
it is all we need: for example, in case of a medical system we give to a doctor the list of all possible illness* 
with degrees of certainty, and it is for him to decide: either to believe in the most probable diagnosis, or 1 
analyze the patient more. But in the control case the whole purpose was to automate; so we do not have 
person who makes decision, we want a system itself to decide which of the possible controls to use. So v 
must transform this membership function pc(tx) into one value tx. 

Centroid: a solution to this problem. Informally speaking, we want a value that is in average dose: 
to the optimal control. Closest means that the square (u — tx) 2 must be minimal. “In average” means th: 
we have to take into account, how often different values of control are appropriate. We do not know tl 
frequencies, what we now are degrees of confidence. But let’s recall that one of the natural interpretatioi 
of the degrees of confidence is that they are proportional to the number N(u) of experts who believe th< 
this very value u is the best: /xc(tx) — kN(u) for some constant k. The more experts say that u is the bes 
the greater is the probability p(u ) that this u will really be the best. In view of that we can estimate th« 
probability as p(tx) = Kfic(u) for some constant K. Therefore the average deviation of tx from tx equals 1 
/ p(tx)(tx - tx) 2 dtx = K J /xc(tx)(tx — tx) 2 <ftx. We must choose tx so that this deviation is the smallest possibl 
Differentiating with respect to tx gives the explicit formula tx = (f tx/xc(tx) du)/(J /xc(tx) dtx). This formula 
called the centroid formula. Now we are ready for a final description. 

Ruity control: brief description. We extract the rules from the expert (or experts); transform these rul« 
into the and-or statement. Then we find the membership functions for all involved words like "negligible" < 
"small”. After that we choose functions /& and / v . Now we can compute /xc( u ) for every x. Using centroi 
rule, we compute the value tx. This value is what the fuzzy control algorithm recommends for this case. 

This method can be applied also if we control the second derivative, only rules will be longer, like "if x 
A’ and x is SP, then tx is 5fV”, and terms in Hc( x ) will be longer, like min(p.v(x),/xsp(x),/xsjv( u ))- 
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3 IN ORDER TO CHOOSE A DEFUZZIFICATION 
LET’S LIST NATURAL RESTRICTIONS ON THAT CHOICE 
AND THUS FORMULATE THE PROBLEM IN MATHEMATICAL TERMS 
Comment Let’s start with the last stage of the fuzzy control design: defuzzification. We’ll first analyze the 
case, when only finitely many values x< are possible. 

rioflnition A fuzzy set of real numbers (or a fuzzy real number) is a function n from the set R of all real 
?'mb" k inio the iierval [0,1]. It is called finite if the value of p 1. different from 0 only for finitely many 

numbers x i,xj, ...» x „. „ . . , 

Comment. So in order to all The 'cases when this 

list reasonable demands for such a procedure. 

D1 . The result of defuzzification must lie between x;. The first natural property of the desired result 
?of a defuzzification procedure is that it must lie between the smallest and the biggest of all possible ^Jues 
x- of the quantity x. The reason for that is as follows: when we say that /i(x<) > 0, it means that there is 
simn mason to believe .hat the act, nJ value of n 

i’mii? ' mlixS IdAe're are no le^ns to beUeve that * is smaller than min z, or bigger than max i,. .Hence 
it^eems^e ason able to conclude that a single value, chosen by this procedure, must also belong to this same 

Dissymmetry. A finite fuzzy set is a finite set of pairs (xj,/ij)- w ° rd “ set ” means that lt dc *® JJ* 
matter ^in what order we list these pairs; so evidently the result of defuzzification must not depend 

order in which we list them. , ... « *l!. _ Ti.io 

D3- If Lit = 0 for some i, then the result of defuzzification must not depend on this x { . This 

demand is quite natural: if /i, = 0, this means that x, is impossible, so we can omit it. 


aemanu 4imc uamiu*. ** r’* , . 

n4 . n X and X can be interpreted as degrees of uncertainty, and the transformation from /i- 
?j l l I’b a transformation of degrees of uncertainty. That u, is a dexree of uncertainty is evident: 

that’s what the values of membership functions describe. Let s show that x< and /i can also be interpret 


degrees of uncertainty. 

To do that let’s recall that to describe a finite fuzzy function with n values we must describe 2n ^different 

A defuzzification method / takes all these parameters as an input and 

computes x as an output: x — /(xj,...,XmA*i.*"»/ 1 n)* 

SuoDose that we fix somehow the values of all these parameters, except for /i, for some i. The remaining 
Suppose tna; 0 to 1 The bigger the value of x,, the more uncertain we are about the 

Wfisf Wta JES St-.,.*. in are pccible. When we increase,,, 

we add one more possibility: that the actual value of x equals to x,. The bigger is the more J possible is 

this additional possibility, and so the value /i, = 1 corresponds to the greatest possible uncertainty (gr 
possible under the condition that the values of all the other parameters are fixed). So m this case m describes 

our degree of uncertainty. . . . , 

Bn. .here different degree, of “r-jond h ^ I to , of* » m prmaple 


we B c"an *• of H . Thi. i. not a pnridv 

mathematical trick- for example, in the simplest case, when n = 2 and t - 2, when _ 0, it means tha wi 
”S v at . I, so U’s natural to conclude that x = x,. When /i 2 increase, our degree of believe that x 2 is 
possTb“e y increase’as well, and therefore it is natural to “shift" the overall estimate x closer to ^ genera 
the same arguments works, so the value x really describes our degree of belief in x<: the closer is x o ,, 

more we believe in X{. . 

_ a • J _ •««./>/. rt 'A I fl T 1 


more we ueuevc m , ; nh 

So if all the values of Xj and N are fixed, except for ^ for some i, we can express our degree of ^ ert ^ 
for degree of belief in the possibility of x.) in two different ways: by the value of /i< (a bigger n w °^ d 
a higher possibility for x< to be the actual value of x) and by the value of x (the closer is x to x<, the b.gge. 

is the possibility that the actual value of x is Xj). 

In other words, we have two different scales to represent the same degrees of belief: the scale of possible 
values of and the scale of possible values of x. In these terms the transformation ^rn^tox < lefinee 
bv the formula x = /(xi , ..., x„, Ui, ...,/r n ) with fixed xj, ...,x n ,^i, can be 

transformation that “translates” the value of uncertainty in one scale into the representation o 
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degree of uncertainty in some other scaJe. In short, the transformation from /i, to x is a transformation 
degrees of certainty. 

Let’s now fix the values of ail the parameters, except for z< for some t. In this case Zj can take any value frc 
oo to +oo. Lets denote m — min(zi,z2,...,z,'_x,zj4.i,...,z n ) and M — max(zx,Z2,...,z, - _x,z,'+i,...,Z| 
Then, in particular, z, can take any value from M to oo. For every choice of z, the possible values of z 
between the minimum and the maximum of ail the values Xj. If z,- > M, then the minimum of all the z • equ; 
to to, and the maximum of ail the Xj equals to z,. Therefore, the bigger is z , , the bigger is the interval 
possible values for z, and the bigger is our uncertainty in z. So in this case z, can be viewed on as describi: 
our uncertainty in z: the bigger is z,-, the greater is our uncertainty. 

On the other hand, if we increase z,-, we keep n - 1 possible values at the same place and shift t 
remaining value z, to the right. So it is natural to expect that the resulting “overall” value increases as 
increases. So the bigger z, the bigger is our uncertainty. So in this case we also have two different scales 
represent the same degrees of belief: the scale of possible values of z, and the scale of possible values of 
In these terms the transformation from z, to z, defined by the formula z = f(x\ Pi,.. •*/*«) with fix 
®ii ®i-ii *i+i i •••! Mil •••) f^ni can be viewed as a transformation that “translates” the value of uncertain 
in one scale into the representation of the same degree of uncertainty in some other scale. In short t 
transformation from z, to x is also a transformation of degrees of uncertainty. ' 

These considerations may sound non-mathematical: well, we can consider these values as describing d 
grees of certainty, so what? But this descriptions immediately becomes a mathematical fact if we take in 
consideration the fact that 


Transformations of degrees of uncertainty have already been described. Such a description w 
obtained in [KK91], and it is based on the following idea. The class F of reasonable transformations of degre 
of uncertainty must satisfy the following properties: 

(1) If a function z — ► /(z) is a reasonable transformation from a scale A to some scale B , and a functi< 
y ff(y) > s a reasonable transformation from B into some other scale <7, then it is reasonable to demaj 
that the transformation z — ► g{f{x)) is also a reasonable transformation. In other words, the class F of ; 
reasonable transformations must be closed under composition. 

(2) If z — ► /(z) is a reasonable transformation from a scale A to scale B, then the inverse function is 
reasonable transformation from B to A. 

Thus, the family F must contain the inverse of every function that belongs to it, and the composition 
every two functions from F. In mathematical terms, it means that F must be a transformation group. 

(3) The next reasonable property is that this class F must be not too big: its elements must be unique 
determined by fixing finitely many parameters. In mathematical terms this can be expressed by saying th 
the transformation group F is finite-dimensional. 


Comment. Actually, in our case we only need 2n - 1 parameters to describe all the functions of one variab 
that we have constructed: Namely, the 2n- 1 parameters that we have fixed (zj, ...,z n ,/ij, ...,f 

or z 1 ,...,z,_ 1 ,z 1+1 ,...,z n ,/ix,...,/i n ) are the parameters uniquely determining this function. Of course, it 
not necessary to assume that we have exhausted all possible reasonable transformations, so 2n — 1 paramete 
are not necessary sufficient. However, the opposite situation, when practically every function can be view< 
on as a reasonable rescaling, also does not seem intuitively true. 


(4) In [KK91], we have shown that some linear functions can be represented as transformations of degre 
of uncertainty between some reasonable scales. 


iFrom (l)-(4) we concluded in [KK91] that reasonable transformations are fractionally line ar, i.e., th; 
every reasonable transformation has the form /(z) = (ax + 6)/(cz + d) for some a, b, c, d. 

Comment. The problem of classifying all finite-dimensional transformation groups of an n-dimensional spa* 
R n » n= 1,2, 3, ..., that include a sufficiently big family of linear transformations, was formulated by N. Wien* 
(see, e.g., [W62]). His hypothesis was confirmed in [GS64], [SS65]. It turned out that for n = 1, the 
only two groups are possible: the group of all linear transformations and the group of all fractionally-line: 
transformations (the simplified proof for n = 1 is given in [K87l; for other applications of this result s< 
[KK90], [CK91], [KQ91]). 

Using this description, we can formulate the first result. 
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ftffiSt. The justification for this definition was given in the prevton. sectmn. 
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D3: If Pi = 0 fo, some f. then the result of defuzzification must no. depend «*£>*. 

S,;Vwe Values of all its variables, except one of them 
x„,Pi,...,.P„) and p< - /(x, *..Pt P.+ 1 .P..IM. 1 , 

mations. , - „ . 

;From these demands we can conclude the Mowing. _ \// Q . 

LEMMA Every reasonable defuzzification has the form .,x n ,P\ »••• » A*") ( 1 1 n 

- E +q 1 where a< = utfi, and * is a multilinear symmetric function of ^ 

idet of Ihe proof Adding to Dl, the pendency of / on J, "d 


linear: / = (ax , + »)/ta + « ^ ^^lunction of' ~ of x*' TLrefc're for fixed Pi / Ua 

that it is everywhere defined. So c, - U, ana ; _ Q . x + ... + a n x n + «U*i*a + U \“f te ™® 

multi-linear function of the ».e f «o ^ e ^ ng , so / increases at least as 


m^ti-hnear function of the varMles > 0 ^ 1 ^ x -^hey are prevM^, so / inweases at least as 

of higher than first order are different from C ^fJeV ^hen haW > maxz it that contradicts to Dl. So / 
I fc 2 if we multiply all x, by k. Forjuffiaently big fc we’U mp ii’ on D 1 allows us to prove that 

can contain only linear terms: / - <k 1 + «i*i + ••• + n x \ As for the dependency on /i<, we can use the 
from V^^cFn^ functions, J the assumptions of symmetry 

and independence on z, for /i« — 0. _ mrtr(1 rtr know what a defuzzification 


and independence on z, lor m - . g e m£)re or le88 know wha t a defuzzification 

Comment. In other words, q< = /ii(co + c i x Pi + "*1 . . T „,i i:r e :r an expert is 

can be for a finite fuzzy set. But finite fuzzy sets are^nljr ^rintoval of possible values, and not just 
not sure about the value of a physical quantity, te nam fi . , Mt by a sequence of finite sets 

^ fo[ A " lhe - of pair[ 

(0 t M0)),(l/».Ml /»)) Sntorpstinff thine happens: in the 


ffweadd^^^^ 

ove formula for a, as » - 00 W Igj.M, £ajn e is true for all other sum: 


above formula for a, as n - oo, tne vaiue 8 ^ is * tnie for & other sum: 

by terms fn that become neghgible m co “£^ so ° ^t i- biome equaled by dividing both the numerate: 

- this expression. So in the hmt the coefficients ^^ibwome ^Ly e a t a fomula /(z x , .,.,z n ,m,..,^) * 


this expression. So In the limit .n) « 

he h “ f ”l^ /(P(X)) = (/xp(x) dx)/(/p(x) dx). 

Conclusion. We explained the centroid formula that is really very efficient rnfuxxy “ntroh 

How to^hoosfm^nbershlp functions fc 

“me m su y fflrien.ly e: b?x t ^elbrelutely sure that it is not small. However, for intermediate value, x we ar 
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uncertain whether x is small or not. The bigger the value x, the less we are certain that this value is sm; 
In this case there are two ways to represent our uncertainty: first, we can use a general tool that transla 
our uncertainty into a number (value of a membership function p(x)), and, second, we can use this very va 
x: because the bigger x, the bigger is our uncertainty. 

Of course, this is true not for all possible x, but only for those x that lie in the “gray zone”, between 1 
values that are for sure small (and then p(x) = 1 ) and that are for sure not small (and then p(x) = 0 ). 
on every such zone x and p(x) are two different scales that express the same uncertainty, and therefore t 
transformation between them (i.e., a function p) must be a transformation between two reasonable scales. 

In Section 3 we already listed the arguments that such a transformation must be expressed by a fractions 
linear function. So we come to a conclusion that a reasonable membership function must be fractionally-lini 
between its 0 and 1 zones. Since linear functions are a particular case of fractionally linear ones, we get 
explanation of the above-mentioned fact that linear and fractionally-linear functions are really very emeu 
in fuzzy control. 

Comments. 1. In this case, unlike defuzzification, we do not come out with a single membership function, l 
with a small family of them (3 parameters are sufficient to describe a fractional-linear function), for which 
is easy to perform an exhaustive search. 

2 . One can ask the following natural question: OK, we found reasonable, or natural membership functic 
that may be the best one to represent the experts’ knowledge. But even the best experts are not necessar 
ideal controllers. So why should we stick to what the experts say? Maybe in some cases a slight modificati 
of those membership functions can lead to a better control? For example, one of the natural criteria fo: 
control is the smoothness of the resulting trajectory (that’s what the Japanese fuzzy-controlled trains achiev 
Fuzzy control is obtained by some transformations (integration, etc) from the initial membership functio 
So it is reasonable in this case to look for the most smooth membership functions. Namely, by interviewj 
the experts we can determine the values of the membership function in several points, and then find 1 
“smoothest” curve going through all these points. For usual numerical criteria of smoothness we conch 
that the piecewise-polynomial (spline) extrapolation is the best. This fact explains why not only piecewi 
linear, but also piecewise-quadratic membership functions are successful in fuzzy control. 

How to deal with uncertainties? We can use the same kind of arguments for choosing the functions 
and / v from [0, 1] x [0, 1] — ► [0, 1] that correspond to & and V. 

Suppose that a function /& is fixed. Let’s fix also some uncertain event A with a certainty degree a. Tt 
for every other event B we can express our uncertainty in two different ways: either by giving the certaii 
value b of this B, or by giving a certainty value b' = /t(a,b) of A&B. Both scales for representing uncertaii 
sound reasonable, so the transformation from one seme to another must belong to the class of reasona 
transformations. 

2 , From this we conclude that the function a — *• /&(a, 6 ) is fractionally-linear for every b. In [KK90] 
proved that this demand (and a similar demand for / v ) lead to a narrow choice of possible functions /& a 
/ v : min, max of traditional fuzzy logic, ab and a + b — ab that correspond to the so-called probabilistic lo 
and fractional-bilinear operations from [H75]. We thus explained the success of the traditional choices oi 
and V-functions in fuzzy control. 

Comment. In [KK90] we actually proved a stronger statement: that if we assume that a pair of operatic 
and /v is optimal with respect to some optimality criterion, and this criterion is invariant with respi 
to reasonable rescaling transformations (i.e., if one pair was better than another in one scale, it will still 
better if we start expressing uncertainty in another scale), then the optimal family must be invariant (a 
thus coincide with one of the above-given functions). So whatever optimality criterion we choose, the optic 
functions are among those enumerated above. 

But what exactly operations correspond to what criterion? Of course, since we have narrowed down 1 
set of possible choices to a finite-dimensional family of functions, we can apply the exhaustive search and fi 
the best choice of and / v . Can we avoid this exhaustive choice? Sometimes yes. For example, in [KFLL 
we proved that if we are interested in maximal stability (i.e., in the smallest possible relaxation time), tl 
the optimal choices are /& = min and / v (a. 6 ) = min(a + 6 , 1). This formulation corresponds to the trac; 
problem: if we lost an object we must return to it as quickly as possible. 

In docking problems this criterion makes no sense: if we unnecessarily speed up, we’ll crash into a sp; 
station instead of smoothly approaching it. So here a reasonable criterion is smoothness. The same te 
niques as we used in [KFLL91] enables us to prove that in this case the optimal choice is /n(o, 6 ) = 06 a 


7 


S' -• 8 


129 


ORIGINAL PAGE IS 
OF POOR QUALITY 




with the results of experiments with the Space 


/v(a, b) = max(a, 6 ). Both results are in good accordance 
Shuttle simulator. 


Shuttle simulator. . 

CONCLUSIONS. In the present paper functionsVhat correspond 
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[oinTby™' we also actually find the best choice, for several typical s,tuat.ons 
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helpful to solve other problems of fuzzy control theory. 


helpful to solve omer pruuicmo ui 

ACKNOWLEDGEMENTS. T^ s , w ° r H ^^ a E [ J 1 J(^[^ n g^d^Mate^Jfi lt M^nag^m^it^grant* b Tb^autb^r8 
search Grant No. 9-482 ^d the Institute for M ch g M Qelfond, J. Perliussi, H. Przymusinska and 

are greatly thankful to A. Bernat, R. Bell, C.-C. Ghang, ^eu y ^ A Johnson Space Cen . 
T. Przymusinski (El Paso, TX), Yu. Gurevi ( Mr Donald V White Saads) and to all the participants of the 
ACM^Rio Grande Chapter^^ o/the University of Texas at El Paso 

for valuable discussions. 

inEr K forL J ul£’wo?k weU.' U^ve^ ity^f T«L' fwtaS^SdStc. Department, Technical Report 

“™ 2 fB Ct ^o E tl H ajttS andfuzzy systoms^ Prentice-Hall, Englewood CUffs, NJ, 1995. 

K 87 I V. Kreinovicb. Measurement iltcMw. ^LksUn’&pert systems become suspiciously smart. 

Workshop, Fredericton, N.B., Canada, 1990, pp. .qqi y_i 22 dd 217-222. 

cs k1 x ^ « 

tSow, Y. Jani. Proceedings of the 3rd International Fuzzy System 

AS ^YK?“ S C Mz*j^oto. 8 |: H . Dtara. In J. C. Bezdelt (Ed.) Analysis offbzzy Information. Vol. 5 

^SMH^J^Savage 1 ^ Tbe^foundations of statistics. Wiley, N. Y., 1954. , ,,3 

|s«] i. M Singer, S. Sternberg. Journal dAnalyse Mathemabpue, 1965, Vol. XV, pp. \-M. 

W65] N. Wiener. Cybernetics, MIT Pr f ,= 3 

[Z65] L. Zadeh. Information and control, 1965, Vol. 8, pp. 338 353. 




n, 


